ABSTRACT
INTRODUCTION

17
Geophysical flows with velocity inflection and transverse shear are observed, for example, in Division of Field Engineering for the Environment, Graduate School of Engineering, Hokkaido University, Sapporo, Japan, 0608628. E-mail: nizumi@eng.hokudai.ac.jp.
Transverse shear results in a Kelvin-Helmholtz instability with large-scale horizontal vortices cen-a nonlinear eigenvalue problem which is more complicated to solve than the linear eigenvalue 48 problem resulting from the temporal approach.
49
In the present work, spatial and temporal linear stability analyses are performed for the case gradient is due to the presence of lateral emergent rigid vegetation (pile dikes), as depicted in is dropped afterwards for simplicity.
87
The bed shear stress is related to the flow velocity by means of the bed friction coefficient C f ,
88
such that
90
whereT bx andT by are thex andỹ components of the bed shear stress vectorT b , respectively.
91
Though the bed friction coefficient C f is a weak function of the flow depth relative to the roughness 92 height, it is assumed to be constant and common in both the vegetated and non-vegetated zones for 93 simplicity.
94
The vegetation drag stress vectorD is described by the expression to the development of the shear layer can be derived.
140
The channel is assumed to be sufficiently wide to accommodate a shear layer which does not 141 reach the side walls. Under this assumption, it follows that the transverse velocityṼ vanishes and 142 the streamwise velocityŨ asymptotically approaches to constant slip velocities at the side walls of 143 the channel. The following boundary conditions therefore hold:
147
Right at the boundary between the non-vegetated and vegetated zones, the velocities, the flow 148 depth and the shear stresses are continuous, such that the following matching conditions hold:
150
The above conditions are valid provided the vegetation is not sufficiently dense for a stress jump 151 to take place atỹ = 0.
152
It is assumed that at a sufficient distance from the boundary between the non-vegetated and 153 vegetated zones, thex-direction derivatives vanish, along with theỹ direction velocity component
154Ṽ
. This yields a constant flow depthH 0 =H ∞ . Atỹ =B and y = −B v , the far field velocities,
155
denoted asŨ ∞ andŨ −∞ , respectively, take the form
where the subscript −∞ denotes the far field in the vegetated zone. In experiments, the bed friction 157 coefficient C f and the vegetation drag coefficient C d can be determined from the above equations
159
The velocityŨ ∞ , the flow depthH 0 and the non-vegetated zone withB are taken as the char-160 acteristic velocity, vertical length scale and horizontal length scale, respectively, for normalization,
161
which is introduced in the form
With the use of the above normalization expressions, the governing equations (1) are rewritten in 163 the form
166
where F is the Froude number, β is the bed-friction parameter and is the sub-depth kinematic 167 eddy viscosity parameter, expressed in the forms
The non-dimensional gravity vector g, bed shear stress vector T b and vegetation drag vector D 169 take the forms:
173
where the non-dimensional parameter α is related to the vegetation drag and density, and is defined
176
Asymptotic expansions and the base flow solution
177
The flow velocity components U and V and the flow depth H are decomposed into a base state 
180
where A, k and ω are the amplitude, wavenumber and angular frequency of the disturbance intro-181 duced to the base flow, respectively.
182
The base state flow field is set as the flow undisturbed by the horizontal vortices. Because it 183 has only a streamwise component, it follows that the time and space derivatives and the transverse 184 velocity vanish and the flow depth is equal to unity. Substituting the terms of order O(1) from (13) 185 into (9) yields
188
The analytical solution of (14) under the normalized forms of the boundary and matching 189 conditions (5)-(6) yields the following explicit expressions of U 0 : 
The domain of φ is 0 < φ ≤ 1; φ approaches 0 when the vegetation obstructs the flow completely
196
in the vegetated zone (α → ∞), and takes a value of unity when there is no vegetation (α = 0).
197
The base flow velocity U 0 is expressed by squared hyperbolic-tangent and squared hyperbolic- of regularly spaced cylinders, which is the same set-up assumed in the present formulation. As 211 expected, the shear layer is narrower in the base flow rather than in the developed average flow.
212
The shear layer widens as the perturbations grow nonlinearly. This study is, however, limited to 213 the linear reach of the perturbation development.
214
The velocity reduction in the boundary layer at the vicinity of the side walls, clearly visualized 215 in Fig. 3 at the far field in the non-vegetated zone, is not considered in the present analytical 216 model because it would virtually not affect the shear layer, since the channel is considered to be 217 sufficiently wide.
218
LINEAR STABILITY ANALYSIS
219
The substitution of (13) into the normalized governing equations (9) yields the following per-220 turbed equations in the non-vegetated zone:
and the following perturbed equations in the vegetated zone,
Because the amplitude of the perturbations A is assumed to be infinitesimally small in the scheme 232 of linear stability analysis, terms containing A 2 were dropped from (17-18).
233
A numerical scheme is necessary to solve (17-18) under the corresponding expanded forms of 
239 and in the vegetated zone (−B v ≤ y ≤ 0), these variables are expanded in the form
where a j (j = 0, 1, 2, ..., 6N + 5) are the coefficients of the Chebyshev polynomials, and T j (ξ) (17) and (18) respectively, and the resulting six equations 246 are evaluated at the Gauss-Lobatto points defined by 
254
where M is a 6(N + 1) × 6(N + 1) matrix in which the elements are derived from the coefficients Under the temporal framework of stability analysis, it is assumed that, in the present set up, the 260 domain of the streamwise directionx is sufficiently long to contain one or more complete periods 261 of a spatially periodic disturbance. The amplitude of this disturbance grows as time progresses.
262
Under the spatial framework, on the other hand, the disturbances are assumed to be generated at a (2001)).
266
Although the spatial analysis is more complex because the eigenvalue appears nonlinearly, 
273
In the scheme of temporal linear stability analysis, the wavenumber is real, and is denoted as 
283
The solution of the above equation takes the functional form
285
In the scheme of spatial linear stability analysis, on the other hand, the angular frequency is scope of spatial analysis, it is convenient to decompose the matrix M in the form: 
295
The above expression is linearized in the form
where I is the identity matrix. The solution of the above equation takes the functional form
299
RESULTS AND DISCUSSION
300
Unless otherwise specified, the parameters β, , α, B v and F are kept fixed at β = 0.05, with results independent of the numerical resolution.
304
Spectral analysis
305
In the temporal problem, the eigenvalue ω 
where c g = ∂ω r /∂k r is the group velocity. contours obtained from the temporal and the spatial analyses becomes more significant.
335
The results of this study indicate that the frequencies corresponding to the maximum amplifi- 
369
In the present work, however, the phase velocity in the temporal problem is not constant, as 1964, 1965) . In the present work, the minimum frequency for an unstable flow corresponds to the same phase velocity c p , regardless of the approach (spatial or temporal) taken. This is because 378 the base flow is set as the flow completely free from the instabilities due to the shear layer. As the 379 frequency grows, the curves of c p in the spatial and temporal cases often follow distinct paths until 380 they intersect at the vicinity of the frequencies for maximum amplification.
381
The frequency for maximum amplification increases significantly as the bed friction parameter 382 β increases and the kinematic eddy viscosity parameter decreases, as depicted in Fig. 8(a) and (b),
383
respectively. Additionally, the discrepancy between c p in the temporal and spatial cases becomes 384 more significant as the value of ω r at the intersection increases.
385
The vegetation drag parameter α has a strong effect on c p , as depicted in Fig. 8 The discrepancy between c p in the temporal and spatial cases is more significant for larger 391 growth rates. In Fig. 8(b) , the discrepancy of the temporal and spatial curves of c p increases with 392 decreasing values of . As is verified in Fig. 7 , the growth rates are larger for smaller values of .
393
Similarly, for α = 10 1 and 10 2 , a greater discrepancy is found in the curves of c p (Fig. 8(c) ) and 394 the growth rates reach their maximum range (Fig. 9) .
395
The effect of the non-dimensional vegetated zone width B v on c p is indicated in Fig. 8(d) . The is presented to clarify the tendency of c p at small B v .
403
The effect of the Froude number F on c p is depicted in Fig. 8 
409
Finally, the effect of the aspect-ratioB/H 0 on c p is studied in Fig. 8(f) . It is assumed that the 410 variation of the aspect-ratio is solely due to the variation ofB, such that the parameters α and , for which η is determined to be 9.55 and 12.13 for 424 α = 10 and 100, respectively. In Fig. 10(a) , the parameters β and are kept in the perturbation 425 equations (17-18). In Fig. 10(b) , is dropped from (17-18), while β is maintained. In Fig. 10(c) ,
426
β is dropped while is maintained and finally, in Fig. 10(d) , both β and are dropped. and second features are also observed in Fig. 10(c) . Therefore, the combined effect of parameters 431 β, and α causes the results of the present work to be distinct from those of Michalke (1964, 432 1965). Moreover, the effect of large Froude number F modifies the results considerably, as seen 433 in Fig. 8(e) . In Fig. 10(a) , although the parameters β and are kept in the perturbation equations,
434
the curves are distinct from those of Fig. 8(c) . In Figs. 10(a) and (b) , the flow is stable at small consisted of the average flow for which a hyperbolic-tangent velocity distribution was imposed.
462
The average flow is affected by the increased mixing efficiency caused by the development of 463 large scale turbulences in the shear layer. Thus, the results of the formulations used in this study 464 may provide more reliable insight into the onset of instabilities in the shear layer, compared to 465 these previous approaches.
466
In this work, less difference was found between the results from the temporal and spatial ap- The phase velocity corresponding to the minimum angular frequency for instability was found
471
to be approximately the same in both the temporal and spatial approaches. Moreover, the phase 472 velocity was determined to be correlated to the frequency not only in the spatial case, but also in 473 the temporal case. The frequency of the maximum amplification was found to be slightly smaller 474 in the spatial case than in the temporal case (if not virtually equal). Finally, the cross-distribution 475 of the streamwise velocity eigenfunction was found to be asymmetric for both the temporal and 476 spatial cases.
477
The most noticeable difference between results from the temporal and spatial analyses may Run Discharge and α = 9.9. 
